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Abstract
In the framework of the Stochastic Formulation of Quantum Mechanics
we derive non-stationary states for a class of time-dependent potentials. The
wave-packets follow a classical motion with constant dispersion. The new
states dene a possible extension of the harmonic-oscillator coherent states.








Coherent states were introduced for the rst time by Schrodinger in his
attempt at nding the quantum mechanical states that evolve according to
a classical law without spreading of the wave-packet [1].
Starting from the seminal works of Glauber, Klauder and Sudarshan [2],
coherent states have come to play a central role in many dierent areas of
research, ranging from quantum mechanics and quantum optics to quantum
eld theory and condensed matter physics. In the course of time they have
been thoroughly analysed in a group-theoretical framework [3], and extended
in the direction of squeezing phenomena [4].
On the other hand, the original problem formulated by Schrodinger,
namely whether and in what sense coherent structures can be introduced
for general quantum systems, is still open.
Coherent states of arbitrary potentials should be such to retain as much as
possible the basic property of the harmonic-oscillator coherent states, namely
they should be non-stationary states without dispersion of the wave-packet
width and with time evolution driven by a classical equation. Thus the search
for a sensible denition of generalized coherent states should be based on the
above physical requirement. This way of looking at the problem has been
strongly advocated and pursued by Nieto and collaborators who constructed
coherent states associated to arbitrary potentials ([5], [6]).
These coherent states, however, can only be constructed for classically
integrable systems for which there exists a set of canonical coordinates and
momenta fQ;Pg such that the respective Hamiltonians can be reduced to
quadratures. The canonical transformations from the original variables fq; pg
to the \natural" [5] variables fQ;Pg are energy-dependent.




Pg allows to built the coher-
ent states.
The energy-dependence of the classical "natural" [5] variables fQ;Pg




P through the Hamiltonian
^
H and
prevents in general the exact solution of the equations dening the generalized





Hi. The more conning a potential is, and the closer to equally spaced its
energy eigenstates are, then the better the generalized coherent state will
evolve according to a classical law, with conserved spreading of the wave-
packet, until, in the limit of systems with equally spaced energy levels, the
approximation becomes exact [6].
The above scheme has been applied also to dene the squeezed states
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of general potentials [7], while other classes of generalized squeezed states
have been recently introduced by Nieto and Truax by a annihilation-operator
method [8]. The dierent denitions of generalized coherent and squeezed
states for non-harmonic potentials and the connections among them are
nicely reviewed in a recent report by Nieto [9].
In this letter we consider again the problem of Schrodinger for non-
harmonic potentials. Our strategy to construct generalized coherent states
is based on imposing some conditions that have to be satised directly in
the quantum regime and for the original variables fq^; p^g. More precisely,















Our construction is obtained exploiting the techniques of Nelson stochas-
tic quantization and the relation among stochastic and quantum uncertain-
ties. We select a class of potentials which satisfy Schrodinger's conditions;
these potentials in general depend from the classical trajectory described by
the congurational mean value.
The Stochastic Formulation of QuantumMechanics (S.F.Q.M.), originally
introduced by Nelson, is a useful tool in the study of the relationships among
classical and quantum evolutions [10]. It is indeed based on the replacement
of the deterministic trajectories of classical mechanics with suitably chosen
Brownian paths, and it is thus close in spirit to Feynman path integral quan-
tization.
Consider, without loss of generality, a one-dimensional system. At the
kinematical level S.F.Q.M. associates to the classical congurational variable











dw(t) ; dt > 0 : (2)
Here v
(+)
(q(t); t) is the forward drift, and dw(t) is the time-increment of
the Gaussian white noise w(t), superimposed on the otherwise deterministic
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evolution, with expectation E(dw(t)) = 0 and covariance E(dw
2
(t)) = 2dt.
The probability density (x; t) associated to the process satises the forward
and backward Fokker-Planck equations. The forward and the backward drifts
v
(+)
(x; t) and v
( )
(x; t) are dened as
v
(+)




















j q(t) = x
!
:
From denitions (3) it is clear that the forward (backward) drift is the
mean forward (backward) velocity eld.









































The osmotic velocity u(x; t) then\measures" the non-dierentiability of
the random trajectories; in the classical limit, h ! 0, u vanishes and the
current velocity v(x; t) goes to the classical velocity.
As a last consequence of Fokker-Planck equation we have for the proba-






At the dynamical level each single-particle quantum state 	(x; t) written
in the form











where  and S are two real functions, corresponds in S.F.Q.M. to the diusion
process q(t) with









S(x; t) ; (9)
where m is the mass of the particle.
The Schrodinger equation with potential V (x; t) for the complex wave-
function 	 is then equivalent to two coupled real equations for the probability
density  and the phase S.
The rst equation is the continuity equation (6), while the second one is




















=  V ; (10)


















u =  V : (11)
















This equation can be seen as the quantum analogue of Newton's equation
in a force eld [10].
The correspondence between expectations and correlations dened in the
stochastic and in the canonic pictures are
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hq^i = E(q) ; hp^i = mE(v) ;
























where q^ and p^ are the position and momentum observables in the Schrodinger
picture, hi denotes the expectation value of the operators in the given state
	, E() is the expectation values of the stochastic variable associated in the
Nelson picture to the state f; Sg, and () denotes the root mean square
deviation.
The chain inequality (14), i.e. the osmotic velocity-position stochastic
uncertainty and its equivalence with the momentum-position quantum un-
certainty, were proven in [11].
The diusion processes that minimize the stochastic uncertainty product
have been recently derived [12]. From eqs. (13), (14) and the analysis ex-
ploited in ref. [12], it follows that the Nelson minimumuncertainty states are
comprehensive both of the standard Glauber and Klauder-Sudarshan har-
monic oscillator coherent states (Heisenberg minimum uncertainty states),
and of all the Schrodinger minimum uncertainty states.
Through saturation of the osmotic velocity-position stochastic uncer-
tainty we have








if we insert eq. (15) in the continuity equation (6) we obtain, after simple













The minimumuncertainty stochastic states (MUSSs) are thus determined
by a current velocity v and an osmotic velocity u both linear in the argument
(x E(q))=q. It can be shown that the MUSSs can be divided in two classes,
the rst with constant q and the second with time-dependent q. In the
actual context it is convenient to consider q constant (for the more general
case see [12]). Inserting, relations (15) and (16) into eq. (11) we nd that















and we obtain the standard Glauber coherent states wave functions. We
note that, while u(x; t) of the form (15) implies v(x; t) of the form (16), the
contrary is not true. In fact, this is an interesting general feature of the
S.F.Q.M.: a given choice of the current velocity v determines a whole class
of osmotic velocities u and thus selects a class of quantum states with the
same dynamical evolution. A simple but relevant example [13] is given by
the choice v = 0; in this case it is immediately seen that eq. (11) becomes
the standard eigenvalue equation for the Hamiltonian operator.
Now, we use this property to construct general coherent states in the
sense of Schrodinger. To this aim, it is natural to search for the class of
quantum states selected by a current velocity of the minimum-uncertainty





Exploiting the continuity equation (6) written in terms of v and u and sub-

















The function G() can be arbitrary, only restricted by the condition that
u must yield a normalizable probability density ().
The minimum-uncertainty osmotic velocity (15) linear in  is then just a
particular case of the general form (22).





















V (x;E(q)) ; (23)
where the primes denote derivation respect to . If one compute relation (23)
in x = E(q)  hq^i (which corresponds also to  = 0), it is then evident that
the classical equations of motion (1) for E(q) and then for hq^i is guaranteed




















Now, a particular choice of G() which satises condition (24) completely
determines, through the relations and denitions (8), (9), (11), (12) the
potential V and the wave-function of the "coherent-like" state, which has



























(t) is calculated in x = x
0
= 0.
To clarify our structure, we now choose a particular form of the function







The choice of the coecient h=2m is dictated by dimensional consider-
ations, while the minus sign is xed by requiring normalization of the den-
sity . Notice that it is the same coecient appearing in the Heisenberg
minimum-uncertainty u . In fact,  h=2m is the universal coecient for any
polynomial choice of u(). From eq. (27) and the rst of eqs. (5) one obtains























where  (1=4) is the Gamma-function  (s) evaluated in s = 1=4. Inserting
the choice (26) for u and the expression (19) for v in the HJM equation (11)
we obtain that the potential must be of the form:









This is the expression of a sestic oscillator potential, whose coecients
fa
i
g are time-dependent as functions of the expectation E(q). Their explicit
expressions are computed through the identity (11) with the choices (26),

































































































The coecients are thus all time-dependent but that of the highest power,
which is constant. The coecient of the quadratic power is insteed made up
of two contributions, a constant and a time-dependent one. It is straightfor-
ward to verify that the condition (24) is identically satised. We are thus
assured that the states corresponding to the osmotic velocity (26) follow the
classical evolution (1). From the coecient of the linear term in the poten-
tial, we read o the actual equation of motion obeyed by the expectation
hq^i  E(q) and so determine the corresponding time-evolution of the state.




= 0, one can easily verify that
the time-dependent part of the potential (28) gives no contribution to the




















The state thus evolves in a classical potential eld V
cl
which is obtained


















The classical part S
0
(t) of the action S(x; t) is readily determined from the
last of eqs. (29) by exploiting eq. (30). Collecting things together, reminding
denitions (7), (13) and expression (27) for the density , one nally obtains





























The wave-functions (32) appear as a natural extension of the standard
Glauber coherent states to non-harmonic potentials. The modulus is mod-
ulated by the actual interaction. The phase retains the same structure as
in the case of the Glauber wave-functions; namely, all these phases in fact
encode the classical-like dynamics of the wave packet.
Note that we give here the sestic polynomial as the simplest solvable ex-
ample besides the well known harmonic one. However, there are many other
potentials with classical motion that can be selected through our approach;
for instance, more complex polynomials, periodic potentials, an extension of
the Morse potential, etc.
In conclusion, we have found a class of potentials and states compatible
with condition (1) and constant q^.
Our class of states contains as a subset the standard Glauber coherent
states.
It is interesting to observe, as it can be seen from the above polynomial
example (26)-(32), that these states are associated to potentials which are
time-dependent through hq^i. This last quantity is in general governed by
condition (1) which, in the case of the sestic oscillator potential, specializes
to eq. (30).
We think that these new states show some intriguing features and should
deserve further study and understanding. A possible future line of research
might be connected with the fact that coherent states are a natural bridge
for studying the quantum- classical corrispondence. From this point of view,
the construction of coherent-like states for non-harmonic potentials might be
10




[1] E. Schrodinger, Naturwiss. 14 664 (1926).
[2] See e.g.: J.R. Klauder and B.S. Skagerstam Coherent States (World
Scientic, Singapore, 1985).
[3] A.M. Perelomov, Generalized Coherent States and their Applications,
(Springer-Verlag, Berlin, 1986).
[4] D. Stoler, Phys. Rev. D 1, 3217 (1970); H.P. Yuen, Phys. Rev. A 13,
2226 (1976).
[5] M.M. Nieto and L.M. Simmons, Jr., Phys. Rev. Lett. 41 207 (1978);
M.M. Nieto, L.M. Simmons, Jr. and V.P. Gutschick, Phys. Rev. D23
927 (1981), and references therein.
[6] M.M. Nieto, Coherent states with classical motion, in Ref.[2], pp.429-
446.
[7] M.M. Nieto and L.M. Simmons, Jr., Phys. Rev. D20 1332 (1979).
[8] M.M. Nieto and D.R. Truax, Phys. Rev. Lett. 71 2843 (1993).
[9] M.M. Nieto, Generalized Squeezed States from Generalized Coherent
States, LA-UR-93-3731 (1993).
[10] E. Nelson, Dynamical Theories of Brownian Motion (Princeton Univer-
sity Press, Princeton, 1967); Quantum Fluctuations (Princeton Univer-
sity Press, Princeton, 1985); F. Guerra, Phys. Rep. 77 263 (1981); F.
Guerra and L.M. Morato, Phys. Rev. D27 1774 (1983).
[11] D. De La Pe~na and M.A. Cetto, Phys. Lett.A39, 65 (1972); D. de Falco,
S. De Martino and S. De Siena, Phys. Rev. Lett. 49 181 (1982); S. De
Martino and S. De Siena, Il Nuovo Cimento B79, 175 (1984).
[12] S. De Martino, S. De Siena, F. Illuminati and G. Vitiello, in Proceedings
of the Third International Workshop on Squeezed States and Uncertainty
Relations, edited by D. Han et al. (NASA Conference Publication 3270,
NASA, Greenbelt MD, 1994), 331-336; S. De Martino, S. De Siena, F.
Illuminati and G. Vitiello, Mod. Phys. Lett. B (1994), in press.
12
[13] H. Risken, The Fokker-Planck Equation, (Springer-Verlag, Berlin, 1989).
[14] W.M. Zhang, H. Suan Feng and R. Gilmore, Rev. of Mod. Phys. 62 867
(1990).
13
